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ABSTRACT. We formalize computer science (Turing machine theory) within
a standard axiomatic framework like Peano Arithmetic or Zermelo–Fraenkel
set theory and argue that the manifold examples of unprovable sentences that
appear in those axiomatizations show that such an axiomatics, or any similar
kind of axiomatics, is unable to prove some naïvely simple facts in the theory.
We then change the logical background to a nonclassical, paraconsistent one,
and obtain a theory which is close to quantum computing. We conclude with
an evaluation of possible “natural” frameworks for the axiomatics of com-
puter science.

1 Prologue
Gödel’s incompleteness phenomenon is Janus–faced. One of its aspects is a nega-
tive one: there are many nontrivial mathematical sentencesthat turn out to be un-
decidable with respect to strong axiomatic systems, likeZFC (Zermelo–Fraenkel
theory, plus the Axiom of Choice) or evenZFC plus some large cardinal axiom.
On the other side, the Gödel phenomenon opens up the unsuspected wealth and
weirdness of the world of nonstandard models or of forcing–extended models —
just as a brief aside, which should be the meaning of a non–Cantorian, exotic
(“fake”) 4–space? (A recent reference on fake 4–manifolds is Scorpan [33].)

How does the Gödel phenomenon affect computer science? In order to examine
that question, we will focus on two approaches.

We will first deal here with examples of the incompleteness phenomenon for
versions of computer science which are axiomatized within classical theories, that
is to say, first–order theories which include arithmetic andare based on the clas-
sical first–order predicate calculus. We then add some extraspice to our consid-
erations, and consider a non–classical, paraconsistent, axiomatic framework for
computer science.

What do we learn? By far, the most damaging difficulty for axiomatics of com-
puter science which are based on first–order theories like Peano Arithmetic (PA)
or ZFC is the fact that all such theories do not recognize naïvely total recursive
functions beyond a certain growth rate. Moreover, as we showin Section 6 this
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inability is tied to fundamental, inner workings of the theory itself, since if such
a theory were to prove that a certain (partial recursive) function we have notedF
is total (see Definition 2.6) then it would prove its own consistency. On the other
hand, when we change the logical framework where we are doingour axiomatiza-
tion (Section 7), we may get a theory which is very close to quantum computation,
as in the example that we discuss.

We may summarize our results in this paper in a slogan:

Axiomatized computer science is logic–dependent.

2 A “natural” axiomatics for computer science
We begin with some comments that motivate our main concepts.Our goal here
is to discuss possible axiomatic treatments for computer science, as embodied in
the theory of Turing machines. (For a background on Turing machines and com-
putability see [22].)

Remark 2.1. Our main tool will be axiomatic systems like the one described be-
low: these will be consistent axiomatic theories (notedS or T) based on a first–
order classical predicate calculus that moreover

• have a recursively enumerable set of theorems

• include Peano Arithmetic

• have a model where the arithmetic segment is standard.

We will deviate as needed from this blueprint; exceptions will be made fully
explicit whenever we change the above conditions.

Example 2.2. Suppose that there is a Turing machine that enumerates all theo-
rems in a theoryS. SinceS includes Peano Arithmetic, its set of theorems will
be recursively enumerable but not recursive, due to Gödel’sincompleteness. Start
our enumerating machine and gradually build up a list of theorems ofS. Sepa-
rate those that formally assert “recursive functionfe, which has Gödel numbere,
is total”. Place them in a second list. These are theS–provably total recursive
functions.

Remark 2.3. It is possible to have a well–defined function which however isn’t
recursive. The best example is the Busy Beaver function; another example is the
counterexample function to theP = NP hypothesis [15].

Now construct by the usual diagonalization procedure a function F over that
second list. That function is immediately seen to be recursive (the diagonal pro-
cedure over that second listing gives a simple algorithm forit) and total. Yet it
cannot beS–provably total.
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That it to say, no theorem ofS has the form “F is total”. Also, asS is sound
— a fact that is a consequence of its arithmetic portion having an interpretation in
the standard model — the negation of that sentence, “F isn’t total” cannot appear
among the theorems ofS. Therefore such a sentence is independent of the axioms
of S.

(On that functionF see Definition 2.6 and Section 6.) Let us clarify a few points
in our example:

• A Turing machineMS that enumerates all theorems ofS can operate as fol-
lows. First, start a listing of all well–formed formulae in the language ofS.
Then consider each integer,1, 2, 3, . . . , k, . . . and see if each such integer is
the Gödel number of the proof of some well–formed formula in the language
of S.

• If so, pick it up from the previous listing and place it in a new list, which
will be the enumeration of theorems ofS.

“Reasonable” axiomatics

Quotation marks are required here, as this is one of the many possibilities, albeit a
very reasonable one. We can take as a starting point the following: Turing machine
theory can be seen as arithmetic under disguise. Specifically, it can be seen as a
privileged domain within arithmetic: the theory of Diophantine equations. So, we
“translate” Turing machine theory into the theory of Diophantine equations [18] in
order to axiomatize it.

Of course we always keep in mind the usual picture: Turing machines [32] are
introduced via their tables which specify elementary operations like moving the
head to the left or to the right, erasing or printing a symbol on the tape’s square
under the head, and so on. However it isn’t clear how to reducethat naïve, even
if fertile, picture, to an axiomatic treatment that encompasses all of its clear–cut
features, and so we will try at first to give an alternative, strictly formal, definition
for Turing machines via Diophantine equations, and we will use that picture to
stress that we are dealing with a formal construction that moreover has a clearcut,
naïve interpretation.

LetpU(k, x0, x1, x2, . . . , xk) be a universal Diophantine polynomial [18, 36] which
we suppose to be fixed. We define the partial recursive function {e} of Gödel num-
ber e that acts on natural numberm as its input and has natural numbern as its
output as:

Definition 2.4.

[{e}(m) = n]↔Def [∃x0, . . . , xk ∈ ω pU(〈e,m, n〉, x0, x1, . . . , xk) = 0].

(ω is the set of natural numbers,〈x, y, z〉 = 〈x, 〈y, z〉〉 and 〈. . .〉 is the usual
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pairing function; for the computation ofe and the construction ofpU see [18, 32,
36].)

Partial recursive function (or the corresponding Turing machine){e} is given by
the preceding definition. Of course there is a relation between (the abstract objects)
Turing machines and concrete objects of our real world such as computers (which
can be best seen as realizations of finite automata) but we restrict our attention to
the mathematical object characterized above.

Axiomatic treatment

We use a Suppes predicate to axiomatize the theory of Diophantine equations
within some formal system that includes Peano Arithmetic, such as Peano Arith-
metic (PA) itself, or Zermelo–Fraenkel set theory with or without theAxiom of
Choice (ZFC, ZF). For the explicit construction see [12]; other examples ofthe
application of Suppes predicates in the axiomatic treatment of several theories are
to be found in [11].

A first caveat

The next discussion and examples [14, 17] ponder well–knownphenomena from
the theory of fast–growing recursive functions in the lightof our main theme, that
is, axiomatization ofCS (computer science) withinZFC or any other standard ax-
iomatics for set theory, based on the classical predicate calculus, with a recursively
enumerable set of theorems, and which extend enough of arithmetic to adequately
handle Definition 2.4.

The first example we now give starts from a well–known property of intuitively
total recursive functions when framed within usual axiomatic systems:not ev-
ery intuitively total recursive function can be proved so within a given axiomatic
framework.That is to say, the axiomatic system isn’t able to clearly “see” as total
functions some recursive functions that are intuitively total.

The point is [13, 21]:

Remark 2.5. Suppose that we are given a prescription so that, for any integern,
we can compute a finite set of numbersSn. Then put:F∗(n) = max Sn + 1. Most
professional mathematicians would immediately agree thatF∗ is both computable
and total. But is that really so?

Can we construct that function withinZFC? We surely can give a Turing pro-
gram, or a recursive–function definition for it relative to the recursivity ofSn —
but we won’t then be able to prove that similar functions are total, in the general
case, as it is well–known.

Let’s take a closer look at a functionF as the ones naïvely described in Remark
2.5:

Definition 2.6. For eachn, F(n) is the sup of those{e}(k) such that:
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1. k ≤ n.

2. [PrZFC([∀x∃z T(e, x, z)])] ≤ n.

That is, there is a proof of [{e} is total] inZFC whose Gödel number is≤ n.
(For sentenceϕ, [ϕ] is its Gödel number;T is Kleene’s predicate.)

F∗ in Remark 2.5 is always intuitively total, and so is the particular versionF
in Definition 2.6. The fact thatF is intuitively total follows from the formal
Löwenheim–Skolem theorem (or “reflection theorem” in the sense of set theory
— [28], p. 133ff — not to be confused with Feferman’s Reflection Principles; see
[7, 23, 24]), which ensures that, for some particular value of n we will be able to
construct a model for a collection of cardinality≤ n of sentences ofZFC, and so
to computeF(n). The analogy is: we canindividuallycheck that, for each natural
numbern, F(n) exists and can be computed. However we cannot “join” all those
results together to show thatF is total.

Granted those remarks:

Proposition 2.7. We can explicitly compute a Gödel numbereF so that{eF} = F.

F is such that:

Proposition 2.8. The formal sentence∀x∃z T(eF, x, z) cannot be proved or dis-
proved from the axioms ofZFC, supposed consistent, that is,

∀x∃z T(eF, x, z)

is independent of theZFC axioms.

(We can naïvely suggest that Proposition 2.8 results from the same kind of ob-
stacle that hinders the extension of the Löwenheim–Skolem theorem, from finite
subsets of axioms ofZFC to the whole theory.) The preceding propositions for
ZFC can be extended to any theory like ourS.

SoF cannot be proved to be total inZFC. In other words: this means that even
if F is intuitively total (that is to say, it holds of the standardmodel for arithmetic),
there must exist a model forZFC with a nonstandard part where[F isn’t total] is
verified. (This result originates in Kleene’s 1936 paper [26]; see also [27], p. 257.)

We will now require Feferman’sΣ1–soundness reflection principle. Naïvely, a
systemS is Σ1–sound if, given a proof of∃x P(x), whereP is a predicate with
values in the natural numbers, then there is some natural numbern so thatP(n) is
true. That concept was formalized by Feferman as one of his reflection principles
[23]. Then there is an important result that connectsF to Feferman’sΣ1–reflection
principles [23, 24]:

Recall that a reflection principle in Feferman’s sense [7, 23, 24] has (roughly)
two aspects:
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• If we prove inS that there is the Gödel number of a proof ofϕ, thenϕ.

• If we obtain for eachn, PrS[ϕ(n)] → ϕ(n), then we can collect all those
under a universal quantifier, that is, there is a form of theω–rule at work
here.

Σ1–soundness is such a principle restricted toΣ1-sentencesϕ. The chief result
is:

Proposition 2.9. S ⊢ [F is total]↔ [S isΣ1–sound].

For the proof see Section 6.

3 Can we handle arbitrary infinite sets of poly machines in
ZFC ?

The next two examples have been first discussed in [14, 17]. Wemay argue that
the results aboutF deal with fast–growing functions, which are objects quite far
from the everyday realm of programs and concrete computers.So we move on to
another example, that bears on concepts related to theP vs. NP question.

The main point here is: the concept of aninfinite set of poly machinesmay be
quite difficult to handle within an axiomatic system, even a strong one likeZFC.

A poly machine, or a polynomially time–bounded Turing machine is a total
Turing machineMm that on a binary inputx of length|x| outputs a binary wordy
after less thanpm(|x|) operation steps,pm a polynomial kept fixed forMm. Consider
the following example, which is an application of the previous results (the trick
used is due to [6]):

Example 3.1. Let 〈m, a, b〉 denote a Turing machineMm coupled to a clockC(a,b)

— another Turing machine — that stopsMm after it executes|x|a + b cycles over
input x of length|x|. We note that pair〈Mm,C(a,b)〉. We agree that if clockC(a,b)

interrupts the operation ofMm thenMm outputs0 and stops.
Consider the setA = {(m,F(a),F(b)) : m, a, b ∈ ω}, F as in Definition 2.6. Each

individual machine〈m,F(a),F(b)〉, m, a, b integers like0, 1, 2, . . ., in it is certainly
a poly machine, but we cannot prove inZFC that the whole set only contains poly
machines. It is in fact undecidable: “A is a set of poly machines” holds of the
standard integers, but doesn’t hold in some models forZFC with a nonstandard
arithmetic part.

We have shown:

Proposition 3.2. The sentence “A is a set of poly machines” is independent of
ZFC, supposed consistent.

Now we may ask: does it help if we add some strong axiom — here notedX
— to ZFC, so that the resulting theoryZFC + X, supposed consistent, proves the
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consistency ofZFC itself? (Think ofX, say, as some large cardinal axiom, for
instance.) No. For there is a setA′ so that:

Proposition 3.3. The sentence “A′ is a set of poly machines” is independent of
ZFC + X, supposed consistent.

Proof: It suffices to obtain the functionF′ for ZFC + X, according to the
blueprint in Definition 2.6.

This example is crucial, because among other consequences,any (tentative)
proof of the hypothesisP < NP must include a step that says, “foreverypoly
machine, it will give a wrong answer at least once”, and a sentence like “A is a
set of poly machines” is undecidable within consistentZFC, even if we can pick
up infinitely many of its elements and individually show eachof them to be a poly
machine. This raises the following question: will any system like theS we have
been considering here (see Remark 2.1), be able to proveP < NP ? The preceding
discussion is quite sobering.

4 More examples of incompleteness for computer science inS
We now quote two recent versions of some results by Hartmanisand Hopcroft
[17, 25]. They start from a formal theory that:

• includes set theory (more precisely, they ask that the theory be of “sufficient
power to prove the basic theorems of set theory”).

• Also the theory must allow for predicate symbolsP,Q, . . ..

• It has a recursively enumerable set of theorems.

• Its theorems are “intuitively true”. This is too strong andalso vague for the
whole of set theory with the axiom of choice — for instance, isthe Banach–
Tarski theorem intuitively true? So, we take this third requirement to be
the arithmetically soundnesscondition, that is,S must have a model with
standard arithmetic.

We can agree thatS (see Definition 2.1) adequately fits the picture. We now
endow this version ofS with theι–symbol.

Remark 4.1. We notice here the importance of theories likeS: most results like
those described here extend to any such theory, or, in other words, are sort of
insensitive to the axiomatic framework where they are constructed, but for the fact
that one requires arithmetic to formulate them.

According to Hartmanis and Hopcroft [25]:



94 Walter A. Carnielli and Francisco A. Doria

• The first undecidability result in [25] has to do with the BGSrelativization
result [6]. The BGS result says that there are recursive oraclesA,B,A , B,
so that one has (for the relativized versions)PA = NPA andPB < NPB.
Hartmanis and Hopcroft show that there is an oracleC so that the assertion
PC = NPC is undecidable with respect to the axioms ofS. Their proof
is by a diagonal argument; we have used here an alternative, quite general
argument.

• Then they show that there is an algorithmA (a Turing machine) of which it
is true that for inputx it runs in timex2, but so that the formal version of the
sentence “A(x) runs in timetA < 2x” is undecidable inS.

We present here a general argument for these results which isbased on a version
of Rice’s theorem in fragments of set theory with theι-symbol (which we suppose
to be available) and which stems from an idea first used in da Costa and Doria
[11, 16]. More precisely:

Remark 4.2. For consistentS, let Consis S be the usual formal sentence that
asserts the consistency ofS; S 0 Consis S andS 0 ¬Consis S. Let ξ, ζ be terms
in the language ofS, so that for some predicateP in the language ofS, S ⊢ P(ξ)
while S ⊢ ¬P(ζ). Then:

λ = ιx{[Consis S ∧ x = ξ] ∨ [¬Consis S ∧ x = ζ]}.

S 0 λ = ξ andS 0 λ = ζ, but if N |= S andN has a standard arithmetic part, then
N |= λ = ξ. Moreover,S 0 P(λ) andS 0 ¬P(λ), while N |= P(λ).

• For the first result, put oraclesA,B asξ = A andζ = B. ThenC:

C = ιx{[Consis S ∧ x = A] ∨ [¬Consis S ∧ x = B]}

is proved to be a recursive oracle inS, but S 0 C = A andS 0 C = B. So,
S 0 PC = NPC andS 0 PC < NPC.

• For the second result, ifP is a polynomial Turing machine, andE is an
exponential Turing machine, then:

M = ιx{[Consis S ∧ x = P] ∨ [¬Consis S ∧ x = E]}

is such thatS provesM to be a total Turing machine which has an exponen-
tial time bound which cannot be improved inS, but such that it is true ofN
that it is time–polynomial.

We may also use the term:

λ = ιx{[x = ξ ∧ β = 0] ∨ [x = ζ ∧ β = 1]}.
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β [16] is an algebraic expression which can be explicitly constructed such that
S 0 β = 0 andS 0 β = 1, while β = 0 holds of the standard model for arithmetic;
see the references for details.

Remark 4.3. The second result can be easily extended to a result by Loo [29]:
that there is a Turing machine of arbitrarily large complexity when “seen” from
within the standard model, but which is only polynomial in anadequate nonstan-
dard model. An analogous example was discussed in 2002 by oneof the authors
[20]. An alternative argument that clarifies the above discussion stems from the
following observation: consider

p(x) = 1 + x +
x2

2!
+

x3

3!
+ . . . +

xK

K!
,

whereK is a nonstandard positive integer.
If N |= S, whereN has a standard arithmetic part, while alsoM |= S, andM

has a nonstandard arithmetic part, withK ∈M, K nonstandard, then we notice that
the restrictionp(x)|N is an exponential, whilep(x) ∈M is a polynomial.

5 Function F and function G
Now recall that a consistent systemS is ω–consistent ifS doesn’t simultaneously
prove∃x P(x) and¬P(0),¬P(1),¬P(2), . . .. ω–consistency implies consistency,
while the converse isn’t true. Consider PA which is supposedconsistent, and add
a new symbolζ to its alphabet, with the (new) predicateN(x) which should intu-
itively mean, “x is a natural number”.

Then, by the usual compacity argument the systemPA+ζ , 0+ζ , 1+. . .+N(ζ)
is consistent. Also, fromN(ζ) → ∃x N(x) one proves∃x N(x). We then get the
ω–inconsistent systemPA + ζ , 0 + ζ , 1 + . . . + ∃x N(x), which however is
consistent.

OurF gives rise to such a situation:

Remark 5.1. Notice that given functionF as above in Definition 2.6, we can
see that[F is total] is independent ofS, but the structure of that function for the
nonstandard models where¬[F is total] holds isn’t clear at all. We immediately
get anω–inconsistency result, for

S + ¬[F is total] + ∃y (F(0) = y) + ∃y (F(1) = y) + . . .

is a consistent theory. ThusΣ1–unsoundness (or equivalently¬[F is total]) implies
ω–inconsistency.

We can say that for very large values of its argument,F ceases to be defined in
suchω–inconsistent systems.
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Construction of function G

But nevertheless we can ask: is there a partial recursive functionG with a clearly
infinite domain and yet with a behavior similar to that ofF? We answer this ques-
tion in the affirmative through the following:

Proposition 5.2. There is a partial recursive functionG so that:

1. If N |= S and has standard arithmetic, thenN |= F = G.

2. S + [F is total] ⊢ [DomainG is infinite andG is increasing].

3. S + [F is total] 0 [G is total] andS + [F is total] 0 ¬[G is total].

4. If S(α), α > 1 an ordinal, is in the Turing–Feferman hierarchy overS ex-
tended byΣ1–soundness reflection principles, then we can chooseα as high
as we wish in that hierarchy≤ ω, so thatS(α) ⊢ [G is total], but such that
S(β) 0 [G is total], β < α.

Proof: As we have supposed thatS has a modelN with standard arithmetic,
then so does theoryS′ = S + [F is total]:

• We can explicitly obtain a Diophantine polynomialp(x1, . . . , xk) so that:

1. S′ 0 [∀x1, . . . p(x1, . . .) > 0] while ∀x1, . . . p(x1, . . .) > 0 holds ofN.

2. S′ 0 [∃x1, . . .p(x1, . . .) = 0] and for some modelM with nonstandard
arithmetic,M |= ∃x1, . . . p(x1, . . .) = 0.

• Define:ζ = a1, given that for some (necessarily nonstandard) modelM,

M |= [p(a1, a2, . . . , ak) = 0].

(We must impose some uniqueness condition on〈a1, . . . , ak〉.)

By construction, for all models ofS′, [F is total].

Remark 5.3. We now informally describe an algorithm for the function we are
looking for. Leth be such thatS provesh to be total and strictly increasing. Put,
for G:

• If m < ζ, G(m) = F(m).

• If m > ζ andn = h(m), thenG(n) is undefined.

• If m > ζ andn , h(m), thenG(n) = F(n).
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More precisely: Ifm ∈ {x|x ∈ ℑ(h) andx ≥ ζ}, thenG(n) is undefined. Or, If
m ∈ {x|x < ℑ(h) andx ≥ ζ}, thenG(n) = F(n). ℑ is of course the image of . . . .

SoG will always have an infinite domain whenever[F is total] holds. And due
to the dependence ofG on ζ, it cannot be proved total even in a strong theory
such asS + [F is total], that is,S + [S isΣ1–sound]. For the last assertion, given
the hierarchy overS plusΣ1–sound reflection principles, it suffices to choose an
adequatep so that∀x, . . . p(x, . . .) > 0 is only proved byS(α), but not by anyS(β),
β < α ≤ ω. (For the Turing–Feferman theorem see [7, 23, 24].)

We can give a formal expression forG with the help of theι-symbol, which we
then add to our formal background —S and the required extensions.

• We can write down the algorithm for a Turing machine that never stops over
any inputn. Let {e0} be that machine.

• Considerh as in Remark 5.3.h is a S–provably total recursive function.
Then write:

H(n) = ιx{[(x = F(n)) ∧ (n < Image(h))]∨

∨ [(x = {e0}(n)) ∧ (n ∈ Image(h))]}.

ThereforeS proves that such a function equalsF (which is total for all mod-
els of S), but for the values ofh, where it is undefined. As the image of
h doesn’t exhaust all ofω, its complement is infinite, andH will have an
infinite domain.

• Now consider the first Diophantine polynomialp above together withζ =
a1. If we write∀x p > 0 for [∀x1, . . .p(x1, . . .) > 0], and similarly∃x p = 0,
then consider the next expression that can be seen to be in thelanguage ofS
(possibly extended for definitions):

G(n) = ιx {[(∀x p > 0) ∧ (x = F(n))]∨

∨[(∃x p = 0) ∧ [(n < ζ) ∧ (x = F(n))]∨

∨ [(n ≥ ζ) ∧ (x = H(n))]]}.

ζ is as above. This construction originates in the (symbolic)form (1 − β)X + βX′,
which was used in [11]; for the expression above see the construction in [16], p.
34. It is also akin to the construction in the result known as Kreisel’s Lemma [17].
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6 Σ1–soundness andF
The next results show thatF sort of codes, or represents, deep facts about the
structure of the axiomatic system where it is defined. Namely, if it is total, then
the axiomatic systemT w.r.t. whichF is defined, is consistent. We also show that
F is total if and only ifT is Σ1-sound.

Remark 6.1. Thelocal reflection principleRfn(T) for theoryT is:

PrT([ϕ])→ ϕ,

(that is, if there is a proof forϕ, we actually find it inT); and the (first)uniform
reflection principle, RFN(T) is:

[∀x PrT([ϕ(ẋ)])]→ [∀xϕ(x)],

all ϕ with only x free, andẋ standing for thex that can be represented by actual
constants inT. This means that once one can list instancesϕ(0), ϕ(1), . . . (which
are derivable due to the first supposition in the Reflection Principle) for all name-
ablen, then a restricted application of theω–rule leads to the principle.

ForΣ1–soundness one restrictsϕ to all ∃xϕ(x),ϕ primitive recursive; the cor-
responding restricted reflection principle is notedRFNΣ1(T).

ForT asPA, ZFC, and first–order extensions as considered here:

Corollary 6.2. T ⊢ RFNΣ1 (T)→ Consis(T).

Proof:

• SupposeT ⊢ ¬(0 = 0).

• Therefore,T ⊢ PrT[¬(0 = 0)].

• GivenΣ1–soundness, as this is a trivialΣ1-sentence,

PrT[¬(0 = 0)]→ [¬(0 = 0)].

• By contraposition,

{¬[¬(0 = 0)]} → ¬PrT[¬(0 = 0)].

• Or, (0 = 0)→ ¬PrT[¬(0 = 0)].

• However,T ⊢ (0 = 0). Then follows:

• ¬PrT[¬(0 = 0)]. A contradiction.

(This proof is due to N. C. A. da Costa.)
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Σ1–soundness is equivalent to[F is total]

We argue here forZFC, since we want to have as much “elbow room” as possible.
However we could have argued for any theory like the one we have denoted byS.
If we allow for the abuse of language that subsumes the infinitely many sentences
of the Reflection Principle in our formulation as a single onein the statement of
our result:

Lemma 6.3. ZFC ⊢ [F is total]↔ [ ZFC isΣ1–sound].

Proof: Recall that[F is total] ↔ ∀x∃z T(eF, x, z), where — here —T is
Kleene’sT predicate andeF is a Gödel number forF.

(⇐). We first prove: assumingRFNΣ1 (ZFC), then∀x∃z T(eF, x, z). Given the
(recursively enumerable) infinite set of conditionsRFNΣ1 (ZFC), for T we get:

[∀x PrZFC([∃z T(eF, ẋ, z)])]→ [∀x∃z T(eF, x, z)].

Now, for eachZFC constanṫn we have that:

ZFC ⊢ [∃z T(eF, ṅ, z)].

Then there are proofs of each of these sentences, for eachṅ. Therefore we con-
clude: [∀x PrZFC([∃z T(eF, ẋ, z)])], asẋ only ranges over the constants. From the
corresponding restriction ofRFNΣ1 (ZFC) we conclude that:

[∀x∃z T(eF, x, z)]

holds, by modus ponens.

(⇒). For the converse: given∀x∃z T(eF, x, z), we deduceRFNΣ1 (ZFC). (We
will have to deduce each instance of the Reflection Principle, for each 1–variable
∃zψ(z, x),ψ primitive recursive — for the meaning ofz see below.)

Recall that given eache we can explicitly construct a Diophantine polynomial

pe(〈x, y〉, z1, z2, . . . , zm)

so that:

[∀x∃z T(e, x, z)]↔ [∀x∃y, z1, . . . , zm pe(〈x, y〉z1, . . . , zm) = 0].

(Of course[∃z1, . . . zm pe(〈x, y〉z1, . . . , zm) = 0] ↔ [y = {e}(x)]. Since we
aren’t using a universal equation,m may depend one.) We will abbreviate the
z1, . . . , zm by z.
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1. Now, if [F is total], then, for eachn ∈ ω we have thatF(n) is the sup of all
{e}(k) so thatk ≤ n and:

[PrZFC([∀x∃z T(e, x, z)])] ≤ n.

2. Sincen is explicitly given, it is a bound on the Gödel number of the proof.
Therefore we can also obtain an′ > n so that:

[PrZFC([∃z T(e, x, z)])] ≤ n′.

3. Or, for anothern′′, [PrZFC([∃y, z pe(〈x, y〉, z) = 0])] ≤ n′′.

This follows from:

• Every recursive function{e}(n) = m can be represented by a predicate
Fe(n,m).

(The algorithm to produceFe givene is in Machtey and Young [30], p.
126ff.)

• GivenFe(n,m) we can use the procedure described in Davis’ paper on
Hilbert’s 10th Problem [18] to get a polynomialpe out of Fe.

4. Sincen′′ is explicitly given, we can then recover proofs inZFCof:

[∃y, z pe(〈x, y〉, z) = 0],

all e under the specified conditions.

5. We then establish thatZFC proves, for all suche,

PrZFC([∃y, z pe(〈x, y〉, z) = 0])→ [∃y, z pe(〈x, y〉z) = 0].

6. We now add the universal quantifier forx, and as it distributes over→,

[∀x PrZFC([∃y, z pe(〈x, y〉, z) = 0])]→ [∀x∃y, z pe(〈x, y〉z) = 0].

7. This will of course also hold for (due to the implication’sproperties):

[∀x PrZFC([∃y, z pe(〈ẋ, y〉, z) = 0])]→ [∀x∃y, z pe(〈x, y〉z) = 0].

8. Finally the∃wpe provide an enumeration of allΣ1-relations inZFC of in-
terest forΣ1–soundness. Notice that inZFC, f andF recursive,

[f is total]↔ {[F is total]→ [F dominatesf ]}.
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9. To show that the enumeration is exhaustive: suppose that for some p.r.ψ
one has:

∀x PrZFC(∃yψ(ẋ, y)),

and that moreover the following sentence is proved:

[∀x PrZFC(∃yψ(ẋ, y))]→ ∀x∃yψ(x, y).

10. Putfψ(x) = miny ψ(x, y). Then:

[∀x∃y (fψ(x) = y)]↔ [∀x∃yψ(x, y)].

11. That is,fψ is ZFC–provably total recursive, and therefore falls into the pre-
ceding case.

Remark 6.4. The preceding result shows the essential inner connectionsbetween
the inability of an axiomatic theory likeS to “see” the totality of functions likeF
and beyond, and the usual formal sentences that assert the consistency ofS itself.
That is to say, the obstructions we have to face when trying toprove the totality of
F in S have to do with the impossibility of proving the consistencyof S itself with
its own tools.

The proof of the preceding result forPA can be found in the original Paris–
Harrington paper [31].

7 Paraconsistent Turing machines and quantum computation
We will just sketch the main concepts and ideas here, and leave details to be
checked in the references. The main contention of this paperis that the way we
conceive computation theory, or perhaps more specifically,the way we conceive
computation procedures, turns out to be logic–relative andlogic–dependent. The
preceding examples were intended to stress that fact. We nowturn to a different,
potentially fruitful, approach.

A new model ofparaconsistent Turing machines(PTMs) and its relation to
quantum computation was studied in [3], where one shows how the classical Tur-
ing machines model can be enhanced by the change of the underlying logic from
classical logic to a paraconsistent one. By conveniently interpretingPTMs as stan-
dard models of quantum computation (quantum Turing machines and the equiva-
lent quantum circuits), some algorithms surprisingly close in spirit to the classical
Turing machine formulation, but possessing quantic efficiency, can be designed to
solve the so-calledDeutsch’s problemandDeutsch–Jozsa problem.

In a general form, such problems (firstly introduced in [19])consist in deter-
mining, for a functionf : {0, 1}n → {0, 1} whether f is constantf (x) = f (y) for
all vectorsx, y ∈ {0, 1}n) or balanced(the number of vectorsx ∈ {0, 1}n such that
f (x) = 0 is equal to the number of vectorsx ∈ {0, 1}n such thatf (x) = 1).
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In casen = 2 there are obviously two constant functions and two balancedfunc-
tions; classically we need at least two steps to evaluatef two times (in the entry0
and in the entry1) to determine iff is constant or balanced. Quantically, however,
we can simultaneously evaluatef (0) and f (1) by means of a single application of a
quantum operator that evaluates thef ), and determine iff is constant or balanced
in a single step. (See e.g. [10], or [3] and [4] for detailed explanations.)

In the general case, a quantum circuit is able to solve deterministically the
Deutsch-Jozsa problem by performing a single application of a quantum operator,
while the classical view requires (in the worst case)2n−1

+ 1 steps. The classical
algorithm has exponential complexity, while the quantum algorithm to solve the
same problem has polynomial complexity.

But what is crucial for our arguments here is that standard models of quantum
computation (quantum Turing machines and quantum circuits) can be simulated
by paraconsistent Turing machines, as we shall see in the next section.

From classical Turing machines to quantum Turing machines

The achievement of this insight into relating quantum computation with logic-
dependent notions of computation as thePTMs inaugurated the main idea that
computation may be advantageously seen aslogic-relative.

Although the first definition ofPTMs is due to [1] and [5] and has been better
developed in logical terms in [2], the potentialities of paraconsistent models of
computation as simulating quantum computing were only fully perceived in [3].

Already in the original definition of what became known as a Turing machine
(see [37]), the idea of the distinction betweendeterministic Turing machines(DTM s)
andnon-deterministic Turing machines(NDTM s) was present.

However, outputs ofNDTM s cannot subsist simultaneously without leading to
deductive trivialization of the underlying theories, since classical deduction lumps
together contradictions (spawned by the non-determinism)and deductive triviality.

This is unfortunate from the point of view of a serious theoryof quantum com-
putation, if it intends to be a theory of computation based upon basilary principles
of quantum mechanics such as superposition of states, entangled states and inter-
ference.

In 1994, Peter Shor proposed a quantum algorithm (using the model of quantum
circuits) devoted to factoring numbers in polynomial time (see [34] and [35]), a
problem of crucial importance for cryptography for which noclassical algorithm
with polynomial complexity is known. Since Shor’s algorithm the research in
quantum computing grew drastically, and there is a widespread need for alternative
models of quantum computation.

Paraconsistent machines

The idea of one such quantum device is thus simply to allow forambiguous situa-
tions (perplexing as they can be from the classical standpoint) wherein the machine
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simultaneously executes several instructions, engendering a multiplicity of states,
a multiplicity of positions and a multiplicity of symbols incertain cells of the tape.

The strategy to avoid deductive collapsing consists in changing the underlying
logic behind such theories from classical to paraconsistent logic (leaving the ax-
ioms intact), avoiding trivialization and leading to new Turing machine models
able to interpret and to take profit of the consequences of such theories.

In principle many solutions can be chosen, selecting underlying logics from the
wide family of propositional paraconsistent logics known as ‘logics of formal in-
consistency’ (LFI s) (cf. [8]). LFI s are paraconsistent logics that internalize the
metatheoretical notions of consistency and inconsistencyat the object language
level, and are also characterized by preserving the positive fragment of proposi-
tional classical logic.

In [3] the first-order paraconsistent logicLFI1∗ was chosen (treated in detail in
[9], see also [8]). Baked up by such a careful logic which, it is opportune to clarify
here, provides robust reasoning over uncertain and contradictory theories butdoes
not beget any logical contradiction, we may now definePTMs:

Definition 7.1. The paraconsistent Turing machinesare Turing machines de-
fined by means of finite collections of instructions such that:

• We allow for contradictory instructions (viz. instructions the same initial
symbolsqis j are allowed);

• The machine executes simultaneously all possible instructions in the face of
ambiguity. That procedure engenders multiple states as well as a multiplicity
of positions and as multiplicity of symbols in some cells of the tape;

• Outputs are to be kept stored for further consideration;

• If the computation halts, each tape cell may contain multiple symbols and
any choice of these symbols represents an output of the computation.

Control of unicity versus multiplicity conditions are the essential ingredients
in the simulation of the quantum algorithms that solve Deutsch’s and Deutsch–
Jozsa’s problems viaPTMs, which are shown to simulate quantum algorithms
preserving efficiency.

The symbols◦ and• in the language of the logicLFI1∗ are used to indicate re-
spectively unicity (consistency) and multiplicity (inconsistency) conditions. These
symbols will be written after the first symbol of the instruction, if the condition
is on the state, or must be written after the second symbol of the instruction, if
the condition is on the reading symbol. For example, instructions of the form
ik = q◦

1
s•

1
xy will be executed in situations where the machine is in precisely the

stateq1 (unicity required), and where one of the reading symbols iss1 (multiplicity
permitted).
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In this wayPTMs are expressed within first-order paraconsistent theories, and
the most relevant cases of quantum parallelism can be simulated by PTMs by
interpreting current states, positions and symbols on the tape as observables in a
quantum system. From this perspective,PTMs emulate quantum Turing machines
(QTM s). Constructive proofs of the following theorem are given in [3] and [4]:

Proposition 7.2. There exist paraconsistent Turing machines that solve determin-
istically any instance of the Deutsch-Jozsa problem in polynomial time.

Nevertheless suchPTM models do not simulate quantum Turing machines and
quantum circuits in full, as they do not allow an utterly adequate simulation of
entangled states. Indeed, the construction of different models ofPTMs which are
able to simulate entangled states is a challenging task. This can be done, but the
task now requires a non-adjunctive first-order paraconsistent logic (i.e., a logic
where the inference fromα andβ to α ∧ β is not guaranteed) rather thanLFI1∗,
as proposed in [3] and [4]. This logic feature would ensure that the execution of
distinct simultaneous instructions will be kept apart, permitting a logic control on
the entangled configurations of aQTM . This fact — together with our examples
above which show that highly complex machines in the standard model become
even polynomial in non-standard extensions — confirms the view that computa-
tional models may be profitably approached as logic-relative devices.

8 Comments
Which is the natural axiomatic setting for Computer Science? That setting is the
non recursive theory of all true arithmetical sentences, notedT. We can buildT in
several reasonable ways:

• T = PA + Shoenfield’s recursiveω–rule [23, 24].

• T = PA + all naïvely total recursive functions.

• T = PA+ a succession of naïvely total recursive functions so that for any
such functiong there is anf in the succession so thatf dominatesg.

• T = ∪αPAα, wherePAα is an iterate in the Turing–Feferman [7, 23, 24]
progression of theories.

• T = ∪αPAα, where now eachPAα is as in Turing’s original progression of
theories [23], plus some axiom that reproduces the jump [32]within each
component theory.

(Roughly what happens here is: the Turing progression proves all trueΠ1-
sentences. These include all non halting instances of the Halting Problem.
If we add those as an oracle to PA, plus the jump, we get all truesentences
in the arithmetic hierarchy.)
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All theories in those examples are nonrecursive, but they can be seen from the
perspective of their “component” or iterate theories, which are, each one, recursive
theories. So, the fact thatT is the natural setting forCS is not as bad as it seems —
the whole domain is non–recursive, but we can split it up intoan infinite staircase
of well–behaved theories.

Nonstandard stuff

And how about nonstandard stuff, like those that appear in our examples? How
about logic–dependent models of computation devices? Being nonstandard, like
being imaginary or being non-Euclidean, is a relative, historical, context–dependent
concept. Take imaginary and complex numbers: electrical engineering is uncon-
ceivable without them. Non–Euclidean geometry led to today’s gravitation theory.
We are still waiting for interpretations of non–Cantorian set theories, and of “fake”
[33] spacetimes, but there is no reason not to suppose that reasonable ones will
eventually be given.

The same applies to all our exotic, non–orthodox theories ofTuring machines,
including those sketched in the present paper. For mathematics deals with concrete
objects, even if under the disguise of high, lofty abstraction. Someday someone
will find a sensible, reasonable, concrete interpretation for all the unorthodox ex-
amples we have offered here.
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