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ABSTRACT. We formalize computer science (Turing machine theory)with
a standard axiomatic framework like Peano Arithmetic omZelo—Fraenkel
set theory and argue that the manifold examples of unprevadsitences that
appear in those axiomatizations show that such an axiospati@ny similar
kind of axiomatics, is unable to prove some naively simpbtsfan the theory.
We then change the logical background to a nonclassicalgcpasistent one,
and obtain a theory which is close to quantum computing. Wielcoe with
an evaluation of possible “natural” frameworks for the anatics of com-
puter science.

1 Prologue

Godel's incompleteness phenomenon is Janus—faced. Otseasfiects is a nega-
tive one: there are many nontrivial mathematical senteti@@gurn out to be un-
decidable with respect to strong axiomatic systems, Zik€ (Zermelo—Fraenkel
theory, plus the Axiom of Choice) or evefFC plus some large cardinal axiom.
On the other side, the Gddel phenomenon opens up the unsedpeealth and
weirdness of the world of nonstandard models or of forcixtemeded models —
just as a brief aside, which should be the meaning of a norte@ian, exotic
(“fake™) 4—space? (A recent reference on fake 4—manifadd&ciorpan [33].)

How does the Gédel phenomenon affect computer science®én twrexamine
that question, we will focus on two approaches.

We will first deal here with examples of the incompletenessnamenon for
versions of computer science which are axiomatized witl@sgical theories, that
is to say, first—order theories which include arithmetic anelbased on the clas-
sical first—order predicate calculus. We then add some spic® to our consid-
erations, and consider a non—classical, paraconsistaotmatic framework for
computer science.

What do we learn? By far, the most damaging difficulty for axatics of com-
puter science which are based on first—order theories liea®Arithmetic PA)
or ZFC is the fact that all such theories do not recognize naivebl tecursive
functions beyond a certain growth rate. Moreover, as we shd@ection 6 this
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inability is tied to fundamental, inner workings of the thedself, since if such
a theory were to prove that a certain (partial recursivegfiom we have note&
is total (see Definition 2.6) then it would prove its own catsincy. On the other
hand, when we change the logical framework where we are dningxiomatiza-
tion (Section 7), we may get a theory which is very close tonua computation,
as in the example that we discuss.

We may summarize our results in this paper in a slogan:

Axiomatized computer science is logic—dependent.

2 A*“natural” axiomatics for computer science

We begin with some comments that motivate our main concepts.goal here
is to discuss possible axiomatic treatments for compuiense, as embodied in
the theory of Turing machines. (For a background on Turinghires and com-
putability see [22].)

Remark 2.1. Our main tool will be axiomatic systems like the one desdibe-
low: these will be consistent axiomatic theories (no$edr T) based on a first—
order classical predicate calculus that moreover

 have a recursively enumerable set of theorems
* include Peano Arithmetic

« have a model where the arithmetic segment is standard.

We will deviate as needed from this blueprint; exceptionk né made fully
explicit whenever we change the above conditions.

Example 2.2. Suppose that there is a Turing machine that enumerateseaH th
rems in a theons. SinceS includes Peano Arithmetic, its set of theorems will
be recursively enumerable but not recursive, due to Gohelsmpleteness. Start
our enumerating machine and gradually build up a list of tbew ofS. Sepa-
rate those that formally assert “recursive functigrwhich has Gddel number

is total”. Place them in a second list. These are $hprovably total recursive
functions.

Remark 2.3. It is possible to have a well-defined function which howesgarti
recursive. The best example is the Busy Beaver functionth@n@xample is the
counterexample function to tHe= NP hypothesis [15]

Now construct by the usual diagonalization procedure atfond- over that
second list. That function is immediately seen to be revar@he diagonal pro-
cedure over that second listing gives a simple algorithmtjoand total. Yet it
cannot be5—provably total.
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That it to say, no theorem & has the form F is total”. Also, asS is sound
— afact that is a consequence of its arithmetic portion hpaiminterpretation in
the standard model — the negation of that senteri€ésii’'t total” cannot appear
among the theorems 6f Therefore such a sentence is independent of the axioms
of 5.0

(On that functiorf- see Definition 2.6 and Section 6.) Let us clarify a few points
in our example:

* A Turing machineMg that enumerates all theorems$€an operate as fol-
lows. First, start a listing of all well-formed formulae inet language o§.
Then consider each integér,2, 3, ...,k, ... and see if each such integer is
the Gédel number of the proof of some well-formed formuldmlanguage
of S.

« If so, pick it up from the previous listing and place it in amnést, which
will be the enumeration of theorems $f

“Reasonable” axiomatics

Quotation marks are required here, as this is one of the massilglities, albeit a
very reasonable one. We can take as a starting point theMalip Turing machine
theory can be seen as arithmetic under disguise. Spegifitadan be seen as a
privileged domain within arithmetic: the theory of Dioptigre equations. So, we
“translate” Turing machine theory into the theory of Diopliae equations [18] in
order to axiomatize it.

Of course we always keep in mind the usual picture: Turinghimess [32] are
introduced via their tables which specify elementary ofiena like moving the
head to the left or to the right, erasing or printing a symhotle tape’s square
under the head, and so on. However it isn’'t clear how to reth&enaive, even
if fertile, picture, to an axiomatic treatment that encosges all of its clear—cut
features, and so we will try at first to give an alternativeécty formal, definition
for Turing machines via Diophantine equations, and we wsk that picture to
stress that we are dealing with a formal construction thaemer has a clearcut,
naive interpretation.

Letpu(k, xo, x1, X2, . . ., x¢) be a universal Diophantine polynomial [18, 36] which
we suppose to be fixed. We define the partial recursive fumétjaf Godel num-
bere that acts on natural number as its input and has natural numbeas its
output as:

Definition 2.4.

[{e}(m) = Tl] S Def [on, oo, Xk € cupu(<e, m, Tl>, Xo, X1, - - .,xk) = O]. O

(w is the set of natural numberéy, y,z) = (x,(y,z)) and(...) is the usual
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pairing function; for the computation efand the construction gf;; see [18, 32,
36].)

Partial recursive function (or the corresponding Turinghiae){e} is given by
the preceding definition. Of course there is a relation betwihe abstract objects)
Turing machines and concrete objects of our real world ssadoenputers (which
can be best seen as realizations of finite automata) but réectesir attention to
the mathematical object characterized above.

Axiomatic treatment

We use a Suppes predicate to axiomatize the theory of Didiplegaaquations
within some formal system that includes Peano Arithmetichsas Peano Arith-
metic (PA) itself, or Zermelo—Fraenkel set theory with or without #wdom of
Choice gFC, ZF). For the explicit construction see [12]; other exampleshef
application of Suppes predicates in the axiomatic treatroseveral theories are
to be foundin [11].

A first caveat

The next discussion and examples [14, 17] ponder well-knaivamomena from

the theory of fast—growing recursive functions in the lighbur main theme, that
is, axiomatization ofCS (computer science) withiZC or any other standard ax-
iomatics for set theory, based on the classical predicédalca, with a recursively

enumerable set of theorems, and which extend enough ofragithto adequately
handle Definition 2.4.

The first example we now give starts from a well-known propefintuitively
total recursive functions when framed within usual axiamaystems:not ev-
ery intuitively total recursive function can be proved sohivi a given axiomatic
framework.That is to say, the axiomatic system isn’t able to clearlye"s&s total
functions some recursive functions that are intuitivehato

The pointis [13, 21]:

Remark 2.5. Suppose that we are given a prescription so that, for angentg
we can compute a finite set of numbéys Then put:F*(n) = max§,, + 1. Most
professional mathematicians would immediately agreeRhé both computable
and total. But is that really sd3

Can we construct that function withidFC? We surely can give a Turing pro-
gram, or a recursive—function definition for it relative teetrecursivity ofS,, —
but we won't then be able to prove that similar functions atalt in the general
case, as it is well-known.

Let’s take a closer look at a functidhas the ones naively described in Remark
2.5:

Definition 2.6. For eachn, F(n) is the sup of thosée}(k) such that:
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1. k<n.

2. [Przec([Vx Az T(e, x, 2)])] < n.

That is, there is a proof of4} is total] in ZFC whose Godel number is 7.
(For sentence, [¢] is its Godel numbelT is Kleene's predicatel)]

F* in Remark 2.5 is always intuitively total, and so is the mard@r versionF
in Definition 2.6. The fact thaF is intuitively total follows from the formal
Léwenheim—Skolem theorem (or “reflection theorem” in thasseof set theory
— [28], p. 133ff — not to be confused with Feferman’s ReflegtRrinciples; see
[7, 23, 24]), which ensures that, for some particular valie we will be able to
construct a model for a collection of cardinaliyn of sentences ofFC, and so
to computeF(n). The analogy is: we caimdividually check that, for each natural
numbern, F(n) exists and can be computed. However we cannot “join” alléhos
results together to show thitis total.

Granted those remarks:

Proposition 2.7. We can explicitly compute a Godel numkegrso that{er} = F.
([l

F is such that:

Proposition 2.8. The formal sentenc¥x 3z T(er, x, z) cannot be proved or dis-
proved from the axioms dtFC, supposed consistent, that is,

Vx Az T(er, x, z)

is independent of th&FC axioms.

(We can naively suggest that Proposition 2.8 results fras#tme kind of ob-
stacle that hinders the extension of the Léwenheim—Skoteorem, from finite
subsets of axioms of FC to the whole theory.) The preceding propositions for
ZFC can be extended to any theory like ¢ur

SoF cannot be proved to be total #FC. In other words: this means that even
if Fis intuitively total (that is to say, it holds of the standanddel for arithmetic),
there must exist a model fafFC with a nonstandard part whefE isn't total] is
verified. (This result originates in Kleene’s 1936 papelf;[86e also [27], p. 257.)

We will now require Feferman'&;—soundness reflection principle. Naively, a
systemS is L1—sound if, given a proof oflx P(x), whereP is a predicate with
values in the natural numbers, then there is some naturabeunso thatP(n) is
true. That concept was formalized by Feferman as one of fiextion principles
[23]. Then there is an important result that conné&cts Feferman’s;—reflection
principles [23, 24]:

Recall that a reflection principle in Feferman’s sense [7,2243 has (roughly)
two aspects:
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* If we prove inS that there is the Godel number of a prootaftheng.

* If we obtain for eachs, Prs[e(n)] — ¢(n), then we can collect all those
under a universal quantifier, that is, there is a form ofdheule at work
here.

X1—soundness is such a principle restricted fesentences. The chief result
is:
Proposition 2.9. S+ [Fis total] & [S is ;—sound. O

For the proof see Section 6.

3 Can we handle arbitrary infinite sets of poly machines in
ZFC?

The next two examples have been first discussed in [14, 17]m@jeargue that
the results abouk deal with fast—growing functions, which are objects quée f
from the everyday realm of programs and concrete compus&rsve move on to
another example, that bears on concepts related tB theNP question.

The main point here is: the concept of iafinite set of poly machineray be
quite difficult to handle within an axiomatic system, evenrarsg one likeZFC.

A poly machine or a polynomially time—bounded Turing machine is a total
Turing machineM,, that on a binary input of length|x| outputs a binary worg
after less thap,,(|x|) operation step$, a polynomial kept fixed foM,,. Consider
the following example, which is an application of the prexsaesults (the trick
used is due to [6]):

Example 3.1. Let (m,a, b) denote a Turing machird,, coupled to a clockC, »
— another Turing machine — that stopk, after it execute$x|” + b cycles over
inputx of lengthlx|. We note that paiM,,, C(, ). We agree that if clockC, s
interrupts the operation &fl,,, thenM,, outputs) and stops.

Consider the sed = {(m, F(a), F(b)) : m,a,b € w}, F as in Definition 2.6. Each
individual machingm, F(a), F(b)), m,a, b integers liked, 1,2, ..., in itis certainly
a poly machine, but we cannot provedfC that the whole set only contains poly
machines. It is in fact undecidableA“is a set of poly machines” holds of the
standard integers, but doesn’t hold in some modelsZfé€ with a nonstandard
arithmetic partd

We have shown:

Proposition 3.2. The sentenceA is a set of poly machines” is independent of
ZFC, supposed consistent.

Now we may ask: does it help if we add some strong axiom — heted?6
— to ZFC, so that the resulting theo®FC + X, supposed consistent, proves the
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consistency oZFC itself? (Think of X, say, as some large cardinal axiom, for
instance.) No. For there is a st so that:

Proposition 3.3. The sentenceA’ is a set of poly machines” is independent of
ZFC + X, supposed consistent.

Proof: It suffices to obtain the functioR’ for ZFC + X, according to the
blueprint in Definition 2.6

This example is crucial, because among other consequeacggtentative)
proof of the hypothesi® < NP must include a step that says, “feverypoly
machine, it will give a wrong answer at least once”, and aesed like ‘A is a
set of poly machines” is undecidable within consistRC, even if we can pick
up infinitely many of its elements and individually show ea¢them to be a poly
machine. This raises the following question: will any systéke theS we have
been considering here (see Remark 2.1), be able to prev&/P ? The preceding
discussion is quite sobering.

4 More examples of incompleteness for computer science

We now quote two recent versions of some results by HartmemisHopcroft
[17, 25]. They start from a formal theory that:

« includes set theory (more precisely, they ask that therthiee of “sufficient
power to prove the basic theorems of set theory”).

« Also the theory must allow for predicate symbég)s), .. ..
« It has a recursively enumerable set of theorems.

« Its theorems are “intuitively true”. This is too strong aado vague for the
whole of set theory with the axiom of choice — for instancehis Banach—
Tarski theorem intuitively true? So, we take this third riegonent to be
the arithmetically soundnessondition, that is,5 must have a model with
standard arithmetic.

We can agree thd (see Definition 2.1) adequately fits the picture. We now
endow this version of with the:—symbol.

Remark 4.1. We notice here the importance of theories likemost results like
those described here extend to any such theory, or, in otbedsyare sort of
insensitive to the axiomatic framework where they are goiegtd, but for the fact
that one requires arithmetic to formulate therh.

According to Hartmanis and Hopcroft [25]:
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» The first undecidability result in [25] has to do with the B@&ativization
result [6]. The BGS result says that there are recursivdesdc B, A # B,
so that one has (for the relativized versioR$) = NP4 and P2 < NP,
Hartmanis and Hopcroft show that there is an ordtko that the assertion
P¢ = NPC is undecidable with respect to the axiomsSf Their proof
is by a diagonal argument; we have used here an alternatiite, general
argument.

« Then they show that there is an algoritinfa Turing machine) of which it
is true that for input it runs in timex?, but so that the formal version of the
sentenceA(x) runs in timeta < 2*” is undecidable irs.

We present here a general argument for these results whielsésl on a version
of Rice’s theorem in fragments of set theory with tkeymbol (which we suppose
to be available) and which stems from an idea first used in daaCand Doria
[11, 16]. More precisely:

Remark 4.2. For consistentS, let Consis S be the usual formal sentence that
asserts the consistency $ifS ¥ Consis S andS ¥ —Consis S. Let&, C be terms

in the language of, so that for some predicafein the language of, S + P(&)
while S + =P(C). Then:

A =1, {[Consis S A x = &] V [-Consis S A x = (]}.

Sk A=E&andS¥ A =C butifN | SandN has a standard arithmetic part, then
N E A =&. MoreoverS ¥ P(A) andS ¥ —P(A), whileN £ P(A). O

« For the first result, put oracles, B asé = A and( = B. ThenC:
C = ,{[Consis S A x = A] V [-Consis S A x = B]}

is proved to be a recursive oracle§nbutS ¥ C = A andS ¥ C = B. So,
S¥ P = NP€ andS ¥ P¢ < NPC.

 For the second result, B is a polynomial Turing machine, arid is an
exponential Turing machine, then:

M = 1,{[Consis S A x = P] V [-Consis S A x = E]}

is such thafs provesM to be a total Turing machine which has an exponen-
tial time bound which cannot be improvedSnbut such that it is true dN
that it is time—polynomial.

We may also use the term:

A=illx=EAB=0]V [x=CA B=1]}.
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B [16] is an algebraic expression which can be explicitly ¢arded such that
S¥ B=0andS ¥ g =1, while 8 = 0 holds of the standard model for arithmetic;
see the references for details.

Remark 4.3. The second result can be easily extended to a result by Ldo [29
that there is a Turing machine of arbitrarily large compexvhen “seen” from
within the standard model, but which is only polynomial inadequate nonstan-
dard model. An analogous example was discussed in 2002 bgfdhe authors
[20]. An alternative argument that clarifies the above disan stems from the
following observation: consider

x> A8 xK
p(x)=1+x+i+§+...+ﬁ,
whereK is a nonstandard positive integer.
If N E S, whereN has a standard arithmetic part, while alblE= S, andM
has a nonstandard arithmetic part, witle M, K nonstandard, then we notice that
the restrictiorp(x)|N is an exponential, whilg(x) € M is a polynomial[J

5 Function F and function G

Now recall that a consistent systefnis w—consistent iS doesn’t simultaneously
prove dx P(x) and—P(0), =P(1), =P(2),.... w—consistency implies consistency,
while the converse isn’t true. Consider PA which is suppasetsistent, and add
a new symbol to its alphabet, with the (new) predicat&x) which should intu-
itively mean, x is a natural number”.

Then, by the usual compacity argumentthe syfamC # 0+ # 1+...+N(0)
is consistent. Also, fronN(C) — dx N(x) one proveslx N(x). We then get the
w—inconsistent systeA + C # 0+ C # 1 + ... + dx N(x), which however is
consistent.

OurF gives rise to such a situation:
Remark 5.1. Notice that given functiorF as above in Definition 2.6, we can
see tha{F is totall is independent of, but the structure of that function for the

nonstandard models whetdF is totall holds isn’t clear at all. We immediately
get anw—inconsistency result, for

S+ -[Fistotal + Ay (FO0) = y) + Iy (F) = y) +...

is a consistent theory. Thi§—unsoundness (or equivalentiyF is total]) implies
w—inconsistency.]

We can say that for very large values of its argumErteases to be defined in
suchw—inconsistent systems.
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Construction of function G

But nevertheless we can ask: is there a partial recursivaiumG with a clearly
infinite domain and yet with a behavior similar to thatréf We answer this ques-
tion in the affirmative through the following:

Proposition 5.2. There is a partial recursive functi@so that:
1. If N E S and has standard arithmetic, thern= F = G.
2. S+ [Fistotal] + [DomainG is infinite andG is increasing
3. S+ [Fistotal] ¥ [Gis total] andS + [F is total] ¥ =[G is total].

4. If Sy, @ > 1 an ordinal, is in the Turing—Feferman hierarchy ofeex-
tended by-;—soundness reflection principles, then we can chaasehigh
as we wish in that hierarchy w, so thatS,) + [G is total], but such that
Sp ¥ [Gistotal], f < a.

Proof: As we have supposed thathas a modeN with standard arithmetic,
then so does theoy/ = S + [F is totall:

* We can explicitly obtain a Diophantine polynomigl;, . .., x;) so that:

1. S ¥ [Vxq,...p(x1,...) > 0] while Vxq, ... p(x1,...) > 0 holds ofN.

2. 8" ¥ [3xy,...p(x1,...) = 0] and for some modéM with nonstandard
arithmeticM E dxq,...p(x1,...) =0.

 Define:C = a1, given that for some (necessarily nonstandard) miiel
M [p(a1,az, ..., ak) = 0].
(We must impose some uniqueness conditiomn . ., ax).)

By construction, for all models o, [F is totall.

Remark 5.3. We now informally describe an algorithm for the function we a
looking for. Leth be such thaf provesh to be total and strictly increasing. Put,
for G:

e If m < ¢, G(m) = F(m).
e If m > C andn = h(m), thenG(n) is undefined.

o If m > Candn # h(m), thenG(n) = F(n).
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More precisely: Ifm € {x|x € 3(h) andx > (}, thenG(n) is undefined. Or, If
m € {x|x ¢ J(h) andx > }, thenG(n) = F(n). J is of course the image of .. ..
SoG will always have an infinite domain whene\éris totall holds. And due
to the dependence @ on (, it cannot be proved total even in a strong theory
such asS + [Fis total], that is,S + [S is £1—sound. For the last assertion, given
the hierarchy ove§ plus X;—sound reflection principles, it suffices to choose an
adequate so thatvx, ... p(x,...) > 0 is only proved by5,), but not by any5),
B < a < w. (For the Turing—Feferman theorem see [7, 23, 24].)

We can give a formal expression f@rwith the help of the-symbol, which we
then add to our formal background S-and the required extensions.

* We can write down the algorithm for a Turing machine thaterestops over
any inputn. Let{ey} be that machine.

« Considerh as in Remark 5.3h is a S—provably total recursive function.
Then write:

H(n) = i {[(x = F(n)) A (n ¢ Image(h))]v

V[(x = {eo}(m)) A (n € Image(h))]}.

ThereforeS proves that such a function equ&lgwhich is total for all mod-
els of S), but for the values oh, where it is undefined. As the image of
h doesn't exhaust all ob, its complement is infinite, and will have an
infinite domain.

* Now consider the first Diophantine polynomjabbove together witlf =
ai. If we write Vxp > 0 for [Vxq,...p(x1,...) > 0], and similarlydxp = 0,
then consider the next expression that can be seen to belemidneage of
(possibly extended for definitions):

G(n) = t: {[(Vxp > 0) A (x = F(n))]v
VI@xp=0)A [(n <O A (x =Fn)lv
VI = A (x=Hmn)I}-
Cis as above. This construction originates in the (symbétiah (1 — f)X + pX’,

which was used in [11]; for the expression above see the atitn in [16], p.

34. Itis also akin to the construction in the result known asigel’'s Lemma [17].
O
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6 X;—soundness andF

The next results show th&t sort of codes, or represents, deep facts about the
structure of the axiomatic system where it is defined. Napiklyis total, then

the axiomatic systeri w.r.t. whichF is defined, is consistent. We also show that
F is total if and only if T is ;-sound.

Remark 6.1. Thelocal reflection principleRfn(T) for theoryT is:
Prr([p]) — ¢,

(that is, if there is a proof fop, we actually find it inT); and the (firstjuniform
reflection principle RFN(T) is:

[Vx Prr([p®)]D] = [VxpX)],

all  with only x free, and¢ standing for ther that can be represented by actual
constants irff’. This means that once one can list instangé®, ¢(1), ... (which
are derivable due to the first supposition in the Reflectiondiile) for all name-
ablen, then a restricted application of the-rule leads to the principle.

For ;—soundness one restrigtsto all 3x ¢(x), @ primitive recursive; the cor-
responding restricted reflection principle is noRINy, (T). U

ForT asPA, ZFC, and first—order extensions as considered here:
Corollary 6.2. T+ RFNy, (T) — Consis(T).
Proof:

e Supposd' + (0 = 0).
» ThereforeI + Prr[—(0 = 0)].

* GivenX;—soundness, as this is a trivia]-sentence,

Prr[=(0 = 0)] = [=(0 = 0)].

» By contraposition,

{=[=(0=0)]} = =Prr[~(0 = 0)].
* Or, (0 =0) = —Prr[—(0 = 0)].
« However,T + (0 = 0). Then follows:
e = Prr[—(0 = 0)]. A contradiction.
(This proofis due to N. C. A. da Costa&.)
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Y1—soundness is equivalent tF is total]

We argue here faZFC, since we want to have as much “elbow room” as possible.
However we could have argued for any theory like the one we kanoted bys.

If we allow for the abuse of language that subsumes the iafinihany sentences
of the Reflection Principle in our formulation as a single éam¢he statement of
our result:

Lemma 6.3. ZFC + [Fis total] & [ZFCis £;—sound.

Proof: Recall that[Fistotall < VxdzT(eF,x,z), where — here —T is
Kleene'sT predicate andr is a Godel number foF.

(<). We first prove: assumin®FN;, (ZFC), thenVx 3z T(eg, x,z). Given the
(recursively enumerable) infinite set of conditidRBEN:, (ZFC), for T we get:

[Vx Przrc([3z T(er, %, 2)])] — [Vx 3z T(er, x,2)].
Now, for eachZFC constant: we have that:
ZFC v [Az T(eF, 11, z)].
Then there are proofs of each of these sentences, forieatherefore we con-
clude: [Vx Przec([dz T(er, %, 2)])], asx only ranges over the constants. From the
corresponding restriction ®FNg, (ZFC) we conclude that:
[Vx 3z T(er, x, 2)]

holds, by modus ponens.

(=). For the converse: givelx 3z T(e, x,z), we deduceRFN:, (ZFC). (We
will have to deduce each instance of the Reflection Principleeach 1-variable
dz (z, x), i primitive recursive — for the meaning afsee below.)

Recall that given eachwe can explicitly construct a Diophantine polynomial

pe({x, ¥), 21,22, . . ., Zm)
so that:
[Vx3dzT(e, x,2)] & [Vx3Ay,z1, ..., zmpe({X, )21, . .., Zm) = 0].
(Of course[dzy, ... zm pe({x, Y)z1,...,2m) = 0] & [y = {e}(x)]. Since we

aren’t using a universal equatiom, may depend om.) We will abbreviate the
Z1,...,Zm by z.



100 Walter A. Carnielli and Francisco A. Doria

1. Now, if [F is total], then, for each € w we have thaE(n) is the sup of alll
{e}(k) so thatk < n and:

[Przrc([Vx Az T(e, x, 2)])] < n.

2. Sincen is explicitly given, it is a bound on the Gddel number of thegdt
Therefore we can also obtaiméa> n so that:

[Przec([FzT(e, x,2)])] < .
3. Or, for anothern”, [Przrc([dy, z p.({x, v), z) = 0])] < n”.
This follows from:

» Every recursive functioffe}(n) = m can be represented by a predicate
F.(n,m).
(The algorithm to produck, givene is in Machtey and Young [30], p.
126ff.)

» GivenF,(n, m) we can use the procedure described in Davis’ paper on
Hilbert’s 10th Problem [18] to get a polynomial out of F,.

4. Sincen” is explicitly given, we can then recover proofsd#C of:

[Jy, zpe({x, y), z) = 0],
all e under the specified conditions.

5. We then establish thaFC proves, for all sucla,
Przrc([Jy, zpe((x, y), 2) = 0]) — [Ty, zp.((x, y)z) = O].
6. We now add the universal quantifier fgrand as it distributes ovep,
[Vx Przec([Fy, z pe((x, ), 2) = O] — [Vx Ty, zpe((x, y)z) = O].
7. This will of course also hold for (due to the implicatiopoperties):
[Vx Przec([y, z p((X, v), 2) = O] — [Vx 3y, zpe((x, y)z) = O].

8. Finally thedwp, provide an enumeration of &ll;-relations inZFC of in-
terest forZ;—soundness. Notice that #FC, f andF recursive,

[fis total] « {[F istotal] — [F dominates]}.
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9. To show that the enumeration is exhaustive: suppose dnaoine p.ry
one has:

Vx Przec(Ay (%, v)),
and that moreover the following sentence is proved:

[Vx Przec(Qy (%, )] = Yx 3y Y(x, y).
10. Putfy(x) = min, ¢(x, y). Then:
[Vx3y (fy(0) = Yl & [Vx Ay (x, y)].

11. Thatisfy is ZFC—provably total recursive, and therefore falls into the-pre
ceding casé

Remark 6.4. The preceding result shows the essential inner conneditaseen
the inability of an axiomatic theory lik§ to “see” the totality of functions liké
and beyond, and the usual formal sentences that assertribistemcy of itself.
That is to say, the obstructions we have to face when tryinggdee the totality of
Fin S have to do with the impossibility of proving the consistet itself with
its own tools.

The proof of the preceding result fé#A can be found in the original Paris—
Harrington paper [31]]

7 Paraconsistent Turing machines and quantum computation

We will just sketch the main concepts and ideas here, and Idatails to be
checked in the references. The main contention of this papeat the way we
conceive computation theory, or perhaps more specificdhléyway we conceive
computation procedures, turns out to be logic-relativelagit—dependent. The
preceding examples were intended to stress that fact. Weturomio a different,
potentially fruitful, approach.

A new model ofparaconsistent Turing machindBTMs) and its relation to
guantum computation was studied in [3], where one shows hewlassical Tur-
ing machines model can be enhanced by the change of the yindddgic from
classical logic to a paraconsistent one. By convenientéyrpretingP TM s as stan-
dard models of quantum computation (quantum Turing mashémel the equiva-
lent quantum circuits), some algorithms surprisingly elosspirit to the classical
Turing machine formulation, but possessing quantic efficyecan be designed to
solve the so-calle®eutsch’s problerandDeutsch—Jozsa problem

In a general form, such problems (firstly introduced in [1&)nsist in deter-
mining, for a functionf : {0, 1}* — {0, 1} whetherf is constantf(x) = f(y) for
all vectorsx, y € {0, 1}") or balanced(the number of vectors € {0,1}" such that
f(x) = 0is equal to the number of vectarse {0, 1}" such thatf(x) = 1).
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In casen = 2 there are obviously two constant functions and two balafoed
tions; classically we need at least two steps to evalfise times (in the entry)
and in the entryl) to determine iff is constant or balanced. Quantically, however,
we can simultaneously evalugf@) andf(1) by means of a single application of a
guantum operator that evaluates ff)eand determine if is constant or balanced
in a single step. (See e.g. [10], or [3] and [4] for detailedlarations.)

In the general case, a quantum circuit is able to solve détestically the
Deutsch-Jozsa problem by performing a single applicatf@gxquantum operator,
while the classical view requires (in the worst cag€)! + 1 steps. The classical
algorithm has exponential complexity, while the quantugoathm to solve the
same problem has polynomial complexity.

But what is crucial for our arguments here is that standardetsoof quantum
computation (quantum Turing machines and quantum cifcaéte be simulated
by paraconsistent Turing machines, as we shall see in thesaetion.

From classical Turing machines to quantum Turing machines

The achievement of this insight into relating quantum cotafion with logic-
dependent notions of computation as #iEMs inaugurated the main idea that
computation may be advantageously seclogis-relative

Although the first definition oPTMs is due to [1] and [5] and has been better
developed in logical terms in [2], the potentialities of @ewnsistent models of
computation as simulating quantum computing were onlyfodrceived in [3].

Already in the original definition of what became known as aiffgimachine
(see[37]), the idea of the distinction betweatsierministic Turing machind®DTM s)
andnon-deterministic Turing machingslDTM s) was present.

However, outputs oRDTM s cannot subsist simultaneously without leading to
deductive trivialization of the underlying theories, siratassical deduction lumps
together contradictions (spawned by the non-determirgsrd)deductive triviality.

This is unfortunate from the point of view of a serious theofguantum com-
putation, if it intends to be a theory of computation basednupasilary principles
of quantum mechanics such as superposition of states,glatbstates and inter-
ference.

In 1994, Peter Shor proposed a quantum algorithm (using ttehof quantum
circuits) devoted to factoring numbers in polynomial tinsed [34] and [35]), a
problem of crucial importance for cryptography for which ¢lassical algorithm
with polynomial complexity is known. Since Shor’s algoriththe research in
guantum computing grew drastically, and there is a widegpneed for alternative
models of quantum computation.

Paraconsistent machines

The idea of one such quantum device is thus simply to allovafiebiguous situa-
tions (perplexing as they can be from the classical stamipwherein the machine
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simultaneously executes several instructions, engemglarimultiplicity of states,
a multiplicity of positions and a multiplicity of symbols gertain cells of the tape.

The strategy to avoid deductive collapsing consists in ghranthe underlying
logic behind such theories from classical to paracondistgic (leaving the ax-
ioms intact), avoiding trivialization and leading to newrig machine models
able to interpret and to take profit of the consequences ¢f theories.

In principle many solutions can be chosen, selecting ugihgrlogics from the
wide family of propositional paraconsistent logics knovelagics of formal in-
consistency’ (FI s) (cf. [8]). LFI s are paraconsistent logics that internalize the
metatheoretical notions of consistency and inconsistedie object language
level, and are also characterized by preserving the peditagment of proposi-
tional classical logic.

In [3] the first-order paraconsistent lodi€I1* was chosen (treated in detail in
[9], see also [8]). Baked up by such a careful logic whichs tpportune to clarify
here, provides robust reasoning over uncertain and caatoagtheories butioes
notbeget any logical contradiction, we may now deffiEM s:

Definition 7.1. The paraconsistent Turing machinesare Turing machines de-
fined by means of finite collections of instructions such:that

< We allow for contradictory instructions (viz. instruatie the same initial
symbolsg;s; are allowed),

» The machine executes simultaneously all possible instmgin the face of
ambiguity. That procedure engenders multiple states dswalmultiplicity
of positions and as multiplicity of symbols in some cellsiu tape;

« Outputs are to be kept stored for further consideration;

« If the computation halts, each tape cell may contain migltgymbols and
any choice of these symbols represents an output of the datigu

Control of unicity versus multiplicity conditions are thesential ingredients
in the simulation of the quantum algorithms that solve Dehitsand Deutsch—
Jozsa’s problems vi@TMs, which are shown to simulate quantum algorithms
preserving efficiency.

The symbols and* in the language of the logicFI1* are used to indicate re-
spectively unicity (consistency) and multiplicity (incgistency) conditions. These
symbols will be written after the first symbol of the instrioct, if the condition
is on the state, or must be written after the second symbdieifrtstruction, if
the condition is on the reading symbol. For example, insions of the form
ir = q7s7xy will be executed in situations where the machine is in pedgithe
stateg; (unicity required), and where one of the reading symbals {multiplicity
permitted).
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In this wayPTMs are expressed within first-order paraconsistent theares
the most relevant cases of quantum parallelism can be diedulzay PTMs by
interpreting current states, positions and symbols onahe &is observables in a
guantum system. From this perspecti@M s emulate quantum Turing machines
(QTMs). Constructive proofs of the following theorem are givefd] and [4]:

Proposition 7.2. There exist paraconsistent Turing machines that solverdaie
istically any instance of the Deutsch-Jozsa problem inpadtyial time.

Nevertheless sudATM models do not simulate quantum Turing machines and
guantum circuits in full, as they do not allow an utterly adate simulation of
entangled states. Indeed, the construction of differertetsoofPTM s which are
able to simulate entangled states is a challenging tasks ddn be done, but the
task now requires a non-adjunctive first-order paracogsidbgic (i.e., a logic
where the inference from andp to a A 8 is not guaranteed) rather tha&I1*,
as proposed in [3] and [4]. This logic feature would ensusg the execution of
distinct simultaneous instructions will be kept apart,piging a logic control on
the entangled configurations of @M. This fact — together with our examples
above which show that highly complex machines in the stahderdel become
even polynomial in non-standard extensions — confirms tbevthat computa-
tional models may be profitably approached as logic-redatisvices.

8 Comments

Which is the natural axiomatic setting for Computer Sciénd@éat setting is the
non recursive theory of all true arithmetical sentencetedid. We can buildl in
several reasonable ways:

e T = PA + Shoenfield’s recursive—rule [23, 24].
« T = PA + all naively total recursive functions.

» T = PA+ a succession of naively total recursive functions so thiatify
such functiorg there is arf in the succession so thilominateg.

« T = U,PA,, wherePA, is an iterate in the Turing—Feferman [7, 23, 24]
progression of theories.

T = U,PA,, where now eaclfA, is as in Turing’s original progression of
theories [23], plus some axiom that reproduces the jump \\8&jin each
component theory.

(Roughly what happens here is: the Turing progression pralld¢ruell;-
sentences. These include all non halting instances of titegl@roblem.
If we add those as an oracle to PA, plus the jump, we get allsemences
in the arithmetic hierarchy.)
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All theories in those examples are nonrecursive, but theybeaseen from the
perspective of their “component” or iterate theories, \aldace, each one, recursive
theories. So, the fact th#ttis the natural setting fa€Sis not as bad as it seems —
the whole domain is non—recursive, but we can split it up artanfinite staircase
of well-behaved theories.

Nonstandard stuff

And how about nonstandard stuff, like those that appear imesamples? How
about logic—dependent models of computation devices? gBeamstandard, like
being imaginary or being non-Euclidean, is a relative dristl, context—dependent
concept. Take imaginary and complex numbers: electricgineering is uncon-
ceivable without them. Non—Euclidean geometry led to téxigsavitation theory.
We are still waiting for interpretations of non—Cantorigbtheories, and of “fake”
[33] spacetimes, but there is no reason not to suppose tasdvmable ones will
eventually be given.

The same applies to all our exotic, non—orthodox theoriéBuofig machines,
including those sketched in the present paper. For mathesgals with concrete
objects, even if under the disguise of high, lofty abstmactiSomeday someone
will find a sensible, reasonable, concrete interpretatiorafl the unorthodox ex-
amples we have offered here.
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